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1. Introduction
Let us denote by M f the category of all smooth manifolds and smooth morphisms, by FM the subcategory of all
ﬁbered manifolds and ﬁbered manifold morphisms, by FMm,n the subcategory of ﬁbered manifolds with m-dimensional
bases and n-dimensional ﬁbers and ﬁbered morphisms over diffeomorphisms of bases. Moreover, by VBm,n we denote
the subcategory of vector bundles with m-dimensional bases and n-dimensional ﬁbers and linear ﬁbered morphisms over
diffeomorphisms of bases.
In this paper we use the terminology and properties of natural bundles and natural operators in the sense of [7–9,11]. We
mainly consider natural bundle functors on the subcategory FMm,n of the category of all smooth manifolds. Standard ﬁbers
of such natural bundle functors are left Grm,n-manifolds, where the group G
r
m,n is the subgroup of the rth order differential
group Grm+n = inv J r0(Rm+n,Rm+n)0. Elements of Grm,n are r-jets jr(0,0)ϕ , where ϕ : Rm × Rn → Rm × Rn is a ﬁber preserving
diffeomorphism such that ϕ(0,0) = (0,0) and ϕ is projectable on the origin preserving diffeomorphism ϕ : Rm → Rm .
Especially G1m,n is given by the matrices of the type A =
( aλμ 0
aiμ a
i
j
)
, |aλμ| = 0, |aij | = 0, λ,μ = 1, . . . ,m, i, j = 1, . . . ,n. In what
follows tilde refers to the inverse element, so we have the following identities for G1m,n
aλρ a˜
ρ
μ = δλμ, aiρ a˜ρμ + aipa˜pμ = 0, aipa˜pj = δij
and, by iteration, we get the identities on Grm,n .
We say that a natural bundle functor on the category FMm,n is of order (1,k), k  1, if its standard ﬁber is a left
(G1m × Gkn)-manifold.
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tangent functor, T B and T ∗B are the tangent and the cotangent functors applied on base manifolds. Then we have the action
of (G1m × G1n) ⊂ G1m,n on the standard ﬁber Rn ⊗ ⊗sRm ⊗ ⊗rRm∗ , with coordinates (uiνλ), where we use the multiindices
ν= (ν1 . . . νs) and λ= (λ1 . . . λr), given by
u¯iνλ = aipaνσupσρ a˜
ρ
λ, (1.1)
where we have set aνσ = aν1σ1 . . .aνsσs and a˜
ρ
λ = a˜ρ1λ1 . . . a˜
ρr
λr
, which implies the following action of G2m,n on the standard ﬁber of
J1(V Y ⊗ (⊗sT M ⊗ ⊗r T ∗M) → Y )
u¯i
ν
λ,μ =
(
aipqa˜
q
μ + aipτ a˜τμ
)
a
ν
σu
pσ
ρ a˜
ρ
λ + aipaνσ
(
up
σ
ρ,qa˜
q
μ + upσρ,τ a˜τμ
)
a˜
ρ
λ
+ aip
(
aν1σ1τ . . .a
νs
σs
+ · · · + aν1σ1 . . .aνsσsτ
)
a˜τμu
pσ1...σs
ρ a˜
ρ
λ
+ aipaνσupσρ1...ρr
(
a˜ρ1λ1μ . . . a˜
ρr
λr
+ · · · + a˜ρ1λ1 . . . a˜
ρr
λrμ
)
, (1.2)
u¯i
ν
λ, j =
(
aipqa
ν
σu
pσ
ρ + aipaνσupσρ,q
)
a˜qj a˜
ρ
λ. (1.3)
Here “,” denotes the induced coordinates on the standard ﬁber of the 1st jet prolongation which correspond to partial
derivatives of sections. By the formal derivatives we can deduce the action of Gk+1m,n on the standard ﬁber of J k(V Y ⊗Y
(⊗sT M ⊗ ⊗r T ∗M) → Y ).
2. General connections on ﬁbered manifolds
Let p : Y → M be in the category FMm,n . A general connection on Y can be deﬁned equivalently as a section Γ :
Y → J1Y or a tangent-valued 1-form Γ : Y → T Y ⊗Y T ∗M , over the identity of TM . The corresponding horizontal lift is
hΓ : Y ×M TM → T Y , linear in TM .
We assume a ﬁbered coordinate chart (xλ, yi) on Y , the induced ﬁbered coordinate chart (xλ, yi, yiλ) on J
1Y and (∂λ, ∂i)
and (dλ,di) the associated local bases of vector ﬁelds and 1-forms, respectively. Then Γ is given in coordinates by(
xλ, yi, yiλ
) ◦ Γ = (xλ, yi,Γ iλ(x, y))
or, considering Γ as a tangent-valued 1-form, by
Γ = dλ ⊗ (∂λ + Γ iλ∂i).
Moreover, if we identify Γ with its coeﬃcients Γ iλ(x, y), Γ can be considered as a section of the natural bundle
Gen Y → Y , where Gen is a 1st order natural bundle functor from the category FMm,n to the category FM. The standard
ﬁber of Gen is SGen = Rn ⊗ Rm∗ with coordinates (Γ iλ) and the left action of the subgroup G1m,n ⊂ G1m+n . The coordinate
expression of the action of G1m,n on SGen is
Γ¯ iλ =
(
aipΓ
p
ρ + aiρ
)
a˜ρλ . (2.1)
Let us note that the standard ﬁber of J r Gen is T rm+n SGen = J r0(Rm+n, SGen) with the action of Gr+1m,n given by the compo-
sition of jets. For instance, for r = 1, we have the induced action of G2m,n on T 1m+n SGen given by (2.1) and
Γ¯ iλ,μ =
(
aipqa˜
q
μ + aipρ a˜ρμ
)
Γ pρ a˜
ρ
λ + aip
(
Γ pρ,qa˜
q
μ + Γ pρ,σ a˜σμ
)
a˜ρλ
+ aipΓ pρ a˜ρλμ +
(
aiρpa˜
p
μ + aiρσ a˜σμ
)
a˜ρλ + aiρ a˜ρλμ, (2.2)
Γ¯ iλ, j =
(
aipqΓ
p
ρ + aipΓ pρ,q + aiρp
)
a˜pj a˜
ρ
λ . (2.3)
General connections deﬁned above generalize all standard types of connections like (general) linear connections on vector
bundles and principal connections on principal bundles.
Example 2.1. Let p : E → M be in the category VBm,n . A (general) linear connection on E is given as a linear section K :
E → J1E . In a linear ﬁbered coordinate chart (xλ,ui) on E the corresponding tangent valued 1-form has the coordinate
expression
K = dλ ⊗ (∂λ + K j iλ(x)u j∂i).
If we identify K with its coeﬃcients K j iλ(x), we can consider K to be a section of the 1st order gauge-natural bundle
Lin E → M [3,5,7], the standard ﬁber of Lin is SLin = Rn∗ ⊗ Rn ⊗ Rm∗ with the action of the semidirect product G1m 
T 1mGl(n,R) given by
K¯ j
i
λ = aip
(
Kq
p
ρ a˜
q
j a˜
ρ
λ − apjλ
)
. (2.4)
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TM → J1TM with the corresponding horizontal lift d˙λ = Λμλν(x)x˙μ dν . By “˙” we denote the induced coordinates on the
tangent bundle. Moreover, we assume Λ to be symmetric, i.e. Λμλν = Λνλμ . Λ can be considered to be a section of the
2nd order natural bundle ClaM → M , the standard ﬁbre of Cla is SCla = Rm∗ ⊗ Rm ⊗ Rm∗ with the action of G2m given by
Λ¯μ
λ
ν =
(
aλρΛσ
ρ
τ + aλστ
)
a˜σμa˜
τ
ν . (2.5)
If we consider a general connection Γ as a tangent valued 1-form Γ : Y → T Y ⊗Y T ∗M over the identity of TM , the
curvature of Γ can be deﬁned as the section R[Γ ] : Y → V Y ⊗Y ∧2T ∗M given by R[Γ ] = −[Γ,Γ ], where [, ] is the Frölicher–
Nijenhuis bracket. We have coordinate expression
R[Γ ] = Riλμ∂i ⊗ dλ ∧ dμ = −2
(
∂λΓ
i
μ + Γ pλ∂pΓ iμ
)
∂i ⊗ dλ ∧ dμ.
Now, let us consider the standard ﬁber U = Rn ⊗ ∧2Rm∗ of the natural bundle functor V ⊗ ∧2T ∗B with the induced
coordinates (uiλμ) and the tensorial action (1.1) of the subgroup (G1m × G1n) ⊂ G1m,n . Then it is easy to see that the
curvature operator is a natural 1st order operator Gen → V ⊗ ∧2T ∗B with the corresponding G2m,n-equivariant mapping
RG : T 1m+n SGen → U given by
uiλμ = Γ iλ,μ − Γ iμ,λ + Γ pμΓ iλ,p − Γ pλΓ iμ,p . (2.6)
Example 2.3. For a linear connection K on a vector bundle E we obtain that the curvature is a linear section R[K ] : E →
V E ⊗ ∧2T ∗M with coordinate expression
R[K ] = Riλμ∂i ⊗ dλ ∧ dμ = −2
(
∂λK j
i
μ + K j pλKpiμ
)
u j∂i ⊗ dλ ∧ dμ.
So, we have the induced curvature tensor ﬁeld (denoted by the same symbol)
R[K ] : M → E∗ ⊗ E ⊗ ∧2T ∗M
with coordinate expression
R[K ] = R j iλμb j ⊗ bi ⊗ dλ ∧ dμ = −2
(
∂λK j
i
μ + K j pλKpiμ
)
b j ⊗ bi ⊗ dλ ∧ dμ,
where (bi) is the base of local sections of E associated with given linear ﬁbered coordinate chart and (b j) is the dual base
of local sections of E∗ .
3. Covariant derivatives
We recall some results on covariant derivatives with respect to general linear and classical connections.
Let K be a general linear connection K on a vector bundle p : E → M and Λ be a classical connection on M . K and
Λ are linear connections, so we have dual connections K ∗ and Λ∗ on E∗ and T ∗M , respectively, and the tensor product
connections. Then, for a section
Φ : M → Ei,kj,l := ⊗i E ⊗ ⊗ j E∗ ⊗ ⊗kT M ⊗ ⊗l T ∗M
we can deﬁne its covariant derivative with respect to K and Λ by [4]
∇K ,ΛΦ = j1Φ − (K ij ⊗ Λkl ) ◦ Φ, (3.1)
where K ij ⊗Λkl := ⊗i K ⊗⊗ j K ∗ ⊗⊗kΛ⊗⊗lΛ∗ : Ei,kj,l → J1Ei,kj,l is the tensor product connection on Ei,kj,l . It is easy to see that
∇K ,ΛΦ is a section ∇K ,ΛΦ : M → Ei,kj,l ⊗ T ∗M . By iterations we can deﬁne the higher order covariant derivatives ∇r (here
we write shortly ∇ instead of ∇K ,Λ). In what follows we shall denote by ∇(r) = (∇0 = id,∇, . . . ,∇r), covariant derivatives
we shall denote by “;” and partial derivatives by “,”.
The above covariant derivative (3.1) allows us to deﬁne higher order covariant derivatives of sections of Ei,kj,l and covariant
(higher order) derivatives of the curvature tensor R[K ]. Really, we obtain coordinate expression of the covariant derivative
of R[K ]
R j
i
λμ;ν = R j iλμ,ν − Kpiν R j pλμ + K j pν Rpiλμ + R j iρμΛνρλ + R j iλρΛνρμ. (3.2)
Let us recall the Bianchi and the Ricci identities we obtained for such covariant derivatives [4].
Theorem 3.1 (Bianchi identity). Let K be a (general) linear connection on a vector bundle p : E → M and Λ be a classical connection
on M. Then for the covariant derivative of the curvature tensor ﬁeld with respect to K and Λ we have
R j
i
λμ;ν + R j iμν;λ + R j iνλ;μ = 0. (3.3)
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Theorem 3.2 (Ricci identity). Let K be a linear connection on a vector bundle p : E → M, Λ be a classical connection on M and Φ be
a section of Ei,kj,l . Then we have
Alt∇2Φ = −1
2
R
[
K ij ⊗ Λkl
] ◦ Φ : M → Ei,kj,l ⊗ ∧2T ∗M
where Alt is the antisymmetrization of the second order covariant derivatives.
From the fact that the curvature tensor ﬁeld R[K ij ⊗ Λkl ] is given by the tensor ﬁelds R[K ] and R[Λ] by using tensor
products and contractions [4] it follows that Alt∇2Φ is a polynomial operator on Φ , R[K ] and R[Λ]. Especially, if we apply
the antisymmetrization on the second order covariant derivatives of the curvature tensor R[K ], we get in coordinates
R j
i
λμ;[ν1;ν2] = Rpiν1ν2 R j pλμ − R j pν1ν2 Rpiλμ − Rλρν1ν2 R j iρμ − Rμρν1ν2 R j iρλ. (3.4)
Applying covariant derivatives on the Ricci identity (3.4) we get [5].
Theorem 3.3. Let K be a (general) linear connection on a vector bundle p : E → M and Λ be a classical connection on M. Then
∇r−2(Alt∇2R[K ])= pol(∇(r−2)R[K ],∇(r−2)R[Λ]), (3.5)
where pol is a polynomial zero order operator.
4. General covariant derivatives
In this section we generalize covariant derivatives for special types of tensor ﬁelds with respect to general and classical
connections. General covariant derivatives play the key role in the reduction theorem for general connections [6]. For the
reduction theorem for classical connections see [10] and for general linear connections [5].
First let us recall that for a section s : M → Y we can deﬁne the covariant derivative ∇Γ s : M → V Y ⊗ T ∗M with respect
to a general connection Γ by
∇Γ s = j1s − Γ ◦ s.
In coordinates, if (xλ, yi) ◦ s = (xλ, si(x)), then(
xλ, yi,uiλ
) ◦ ∇Γ s = (xλ, si(x), ∂λsi(x) − Γ iλ(x, s(x))),
i.e.
∇Γ s = (∂λsi − Γ iλ)∂i ⊗ dλ.
In [1,2] the above covariant derivative is called the absolute differential of s and, by using an auxiliary classical connection
on M , there is deﬁned the second order absolute differential of s. In this section we shall generalize the absolute differential
for any section Φ : Y → V Y ⊗Y (⊗sT M ⊗ ⊗r T ∗M) and we shall deﬁne a general covariant derivative with respect to a
general connection on Y and a classical connection on M which allows us to deﬁne also higher order covariant derivatives
of sections of Y .
First, let us consider the vertical prolongation of Γ , i.e. the unique general connection VΓ : V Y → J1(V Y → M) given
in coordinates as [7](
xλ, yi, y˙i, yiλ, y˙
i
λ
) ◦ VΓ = (xλ, yi, y˙i,Γ iλ, ∂Γ iλ
∂ yp
y˙p
)
.
Let us consider a vertical-valued tensor ﬁeld as a section Φ : Y → V Y ⊗Y (⊗sT M ⊗ ⊗r T ∗M) given in coordinates by
Φ = Φ iνλ(x, y)∂i ⊗ ∂ν ⊗ dλ , where we have set ∂ν = ∂ν1 ⊗ · · · ⊗ ∂νs and dλ = dλ1 ⊗ · · · ⊗ dλr . In what follows we consider Φ
as the mapping Φ : Y ×M ×sT ∗M ×M ×r T M → V Y linear in all T ∗M and TM .
We can construct two natural operators transforming Φ , Γ , 1-forms αk , k = 1, . . . , s, and vector ﬁelds ξ j , η, j = 1, . . . , r,
on M into sections of T V Y → Y over the same section of V Y → Y .
The ﬁrst operator is given by the composition of the section Φ(α1, . . . , ξr) : Y → V Y with the horizontal lift hVΓ (η) :
V Y → T V Y , i.e.
hVΓ (η) ◦ Φ(α1, . . . ,αs, ξ1 . . . , ξr) : Y → T V Y
with coordinate expression
(
xλ, yi, y˙i, Xλ, Y i, Y˙ i
) ◦ (hVΓ (η) ◦ Φ(α1, . . . , ξr))= (xλ, yi,Φ iνλανξλ, ημ,Γ iμημ, ∂Γ iμ∂ yp ημΦ pνλανξλ
)
,
where we have set αν = (α1)ν1 . . . (αs)νs and ξλ = ξλ11 . . . ξλrr .
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T (Φ(α1, . . . , ξr)) : T Y → T V Y and we obtain the section T (Φ(α1, . . . , ξr)) ◦ hΓ (η) : Y → T V Y with coordinate expression(
xλ, yi, y˙i, Xλ, Y i, Y˙ i
) ◦ (T (Φ(α1, . . . , ξr)) ◦ hΓ (η))
= (xλ, yi,Φ iνλανξλ, ημ,Γ iμημ, ∂μΦ iνλημανξλ + ∂pΦ iνλΓ pμημανξλ + Φ iνλ(∂μανξλ + αν∂μξλ)ημ),
where we have set
∂μαν =
s∑
k=1
(α1)ν1 . . . ∂μ(αk)νk . . . (αs)νs , ∂μξ
λ =
r∑
j=1
ξ
λ1
1 . . . ∂μξ
λ j
j . . . ξ
λr
r .
The difference
DΓ Φ(α1, . . . , ξr, η) := T
(
Φ(α1, . . . , ξr)
) ◦ hΓ (η) − hVΓ (η) ◦ Φ(α1, . . . , ξr)
is in V V Y = V Y ×Y V Y and, if we consider the second component, we get a 1st order (with respect to Φ , Γ , αk and ξ j)
natural operator D transforming Φ , Γ , αk , ξ j and η into sections of V Y → Y . Moreover, this operator is linear in all αk , ξ j
and η. In coordinates
DΓ Φ(α1, . . . , ξr, η) =
((
∂μΦ
iν
λ + Γ pμ∂pΦ iνλ − Φ pνλ∂pΓ iμ
)
ημανξ
λ + Φ iνλ
(
∂μανξ
λ + αν∂μξλ
)
ημ
)
∂i .
In order to obtain a natural operator of order zero with respect to αk and ξ j we have to use a classical connection Λ on
the base. Namely, we consider the covariant derivatives
∇Λη αk = ημ
(
∂μ(αk)νk + Λμρνk (αk)ρ
)
dνk , ∇Λη ξ j = ημ
(
∂μξ
λ j
j − Λμλ jρξρj
)
∂λ j
and the induced 1st order natural operator Φ ◦∇Λ transforming Φ , Λ, αk , ξ j and η into sections of V Y → Y . This operator
is given by
(
Φ ◦ ∇Λ)(α1, . . . , ξr, η) := s∑
k=1
Φ
(
α1, . . . ,∇Λη αk, . . . ,αs, ξ1, . . . , ξr
)+ r∑
j=1
Φ
(
α1, . . . ,αs, ξ1, . . . ,∇Λη ξ j, . . . , ξr
)
with coordinate expression(
Φ ◦ ∇Λ)(α1, . . . , ξr, η)
=
(
Φ i
ν
λ
(
∂μανξ
λ + αν∂μξλ
)
ημ +
(
s∑
k=1
Φ i
ν1...ρ...νs
λ Λμ
νk
ρ −
r∑
j=1
Φ i
ν
λ1...ρ...λr
Λμ
ρ
λ j
)
ημανξ
λ
)
∂i .
It is easy to see that the difference (DΓ Φ − (Φ ◦ ∇Λ))(α1, . . . , ξr, η) is a natural linear operator of order zero with respect
to αk , ξ j, η, so it can be considered as a section of V Y ⊗Y ⊗(⊗sT M ⊗ ⊗r+1T ∗M) naturally given by Φ , Γ and Λ.
Deﬁnition 4.1. Let Φ be a section of V Y ⊗Y (⊗sT M ⊗ ⊗r T ∗M), Γ be a general connection on Y and Λ be a classical
connection on M . We deﬁne general covariant derivative of Φ with respect to the pair (Γ,Λ) to be a section
∇Γ,ΛΦ : Y → V Y ⊗Y
(⊗sT M ⊗ ⊗r+1T ∗M)
given by
∇Γ,ΛΦ(α1, . . . , ξr, η) =
(
DΓ Φ −
(
Φ ◦ ∇Λ))(α1, . . . , ξr, η) (4.1)
with coordinate expression
∇Γ,ΛΦ =
(
∂μΦ
iν
λ + Γ pμ∂pΦ iνλ − Φ pλν∂pΓ iμ
−
s∑
k=1
Φ i
ν1...ρ...νs
λ Λμ
νk
ρ +
r∑
j=1
Φ i
ν
λ1...ρ...λr
Λμ
ρ
λ j
)
∂i ⊗ ∂ν ⊗ dλ ⊗ dμ. (4.2)
The above general covariant derivative is a 1st order (with respect to Φ and Γ ) and a zero order (with respect
to Λ) natural operator transforming sections of V Y ⊗Y (⊗sT M ⊗ ⊗r T ∗M), general connections Γ and classical connec-
tions Λ to sections of V Y ⊗Y (⊗sT M ⊗ ⊗r+1T ∗M). Really, if we consider the corresponding mappings of standard ﬁbers
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derivative and by “,” the formal partial derivative, then
Φ i
ν
λ;μ = Φ iνλ,μ + Γ pμΦ iνλ,p − Φ pνλΓ iμ,p −
s∑
k=1
Φ i
ν1...ρ...νs
λ Λμ
νk
ρ +
r∑
j=1
Φ i
ν
λ1...ρ...λr
Λμ
ρ
λ j . (4.3)
From (1.1)–(1.3), (2.1)–(2.3) and (2.5), by using the identities on G2m,n , we get
Φ¯ i
ν
λ;μ = aipaνσΦ pσρ;τ a˜
ρ
λa˜
τ
μ,
i.e. (4.3) is G2m,n-equivariant and the values of the general covariant derivative are in V Y ⊗Y (⊗sT M ⊗ ⊗r+1T ∗M).
By iteration we get the kth order general covariant derivative (∇Γ,Λ)kΦ : Y → V Y ⊗Y (⊗sT M ⊗ ⊗r+kT ∗M) which is an
operator of order k with respect to Φ and Γ and of order (k − 1) with respect to Λ.
In what follows we shall write simply ∇ instead of ∇Γ,Λ .
Remark 4.2. Let us recall that for any tangent valued r-form Φ : Y → T Y ⊗Y ∧r T ∗M we deﬁne the covariant exterior differ-
ential dΓ Φ : Y → T Y ⊗Y ∧r+1T ∗M by the Frölicher–Nijenhuis bracket dΓ Φ = [Γ,Φ] which is a 1st order natural operator
Gen×T ⊗∧r T ∗B → T ⊗∧r+1T ∗B . It is easy to see that the covariant exterior differential for a vertical-valued form is given by
the antisymmetrized general covariant derivative. Really, from the symmetry of Λ it follows that the antisymmetrization of
∇Φ depends on Φ and Γ only.
Remark 4.3. Let p : E → M be a vector bundle with linear ﬁbered coordinates, K be a (general) linear connection and Φ be
a linear section (i.e. Φ iνλ = Φ ijνλu j), then general covariant derivative ∇K ,ΛΦ is a linear section with coordinate expression
∇K ,ΛΦ =
(
∂μΦ
i
q
ν
λ + KqpμΦ ipνλ − Φ pq νλKpiμ
−
s∑
k=1
Φ iq
ν1...ρ...νs
λ Λμ
νk
ρ +
r∑
j=1
Φ iq
ν
λ1...ρ...λr
Λμ
ρ
λ j
)
uq∂i ⊗ ∂ν ⊗ dλ ⊗ dμ,
so
Φ i
ν
λ;μ = Φ ijνλ;μu j,
where “;” on the left-hand side denotes the general covariant derivative and “;” on the right-hand side denotes the covariant
derivative deﬁned by (3.1). I.e., general covariant derivative generalizes the standard covariant derivatives with respect to
linear connections.
5. General Bianchi and Ricci identities
If we consider the general covariant derivatives of the curvature tensor R[Γ ] we obtain the general Bianchi identity.
Theorem 5.1.We have
∇R[Γ ](ξ,η, ζ ) + ∇R[Γ ](η, ζ, ξ) + ∇R[Γ ](ζ, ξ,η) = 0 (5.1)
for any vector ﬁelds ξ,η, ζ on M.
Proof. In coordinates on the standard ﬁbers we have
Riλμ;ν = Riλμ,ν + Riλμ,pΓ pν − Γ iν,p Rpλμ + RiρμΛνρλ + RiλρΛνρμ.
Then it is easy to see that
Riλμ;ν + Riμν;λ + Riνλ;μ = 0
which is coordinate expression of (5.1).
Eventually, we can prove the general Bianchi identity from the Jacobi identity for the Frölicher–Nijenhuis bracket. Really,
we have
dΓ R[Γ ] =
[
Γ, R[Γ ]]= −[Γ, [Γ,Γ ]]= 0
and we get the result from the fact that dΓ R[Γ ] is given by the antisymmetrized ∇R[Γ ]. 
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ﬁelds. The vertical prolongation VΦ : V Y → V (V Y ⊗Y (⊗sT M ⊗ ⊗r T ∗M)) can be considered as the section
VΦ : Y → V (V Y ⊗Y (⊗sT M ⊗ ⊗r T ∗M))⊗V Y⊗Y (⊗s T M⊗⊗r T ∗M) V ∗Y
given in coordinates by
VΦ = ∂ jΦ iνλ∂iλν ⊗ d j,
where we have put ∂i
λ
ν = ∂/∂uiνλ . The functor (V ⊗ ⊗sT B ⊗ ⊗r T ∗B) ⊕ (V (V ⊗ ⊗sT B ⊗ ⊗r T ∗B) ⊗ V ∗) on the category FMm,n
is of the order (1,2) and the action of the subgroup (G1m × G2n) ⊂ G2m,n on its standard ﬁber is given by (1.1) and
u¯i
ν
λ j =
(
aipqu
pσ
ρ + aipupσρq
)
a
ν
σa˜
ρ
λa˜
q
j . (5.2)
By iteration we can deduce that the functor
k⊕
i=1
V
(
. . .
(
V
(
V︸ ︷︷ ︸
i-times
⊗ ⊗s T B ⊗ ⊗r T ∗B
)⊗ V ∗) . . .)⊗ V ∗︸ ︷︷ ︸
(i−1)-times
is of order (1,k) and on its ﬁber we have the action of the group (G1m ×Gkn) given by the formal vertical derivatives of (5.2).
Values of the sequence of operators V (k)Φ = (Φ, VΦ, . . . , V kΦ) is the section of
k⊕
i=1
V
(
. . .
(
V
(
V︸ ︷︷ ︸
i-times
Y ⊗ ⊗sT B ⊗ ⊗r T ∗B
)⊗ V ∗Y ) . . .)⊗ V ∗Y︸ ︷︷ ︸
(i−1)-times
and deﬁnes a kth order operator which depends on vertical derivatives of Φ only.
By using the general covariant derivative we can consider higher order covariant derivatives of sections of Y . If we denote
by ∇s = si;λ∂i ⊗ dλ the covariant derivative of a section s, then it is easy to see that
∇2s = (∂λμsi − ∂μΓ iλ − ∂μsp∂pΓ iλ − ∂λsp∂pΓ iμ + Γ pλ∂pΓ iμ + si;ρΛλρμ)∂i ⊗ dλ ⊗ dμ (5.3)
which coincides with the second order absolute differential by [2]. Now, we get general Ricci identity for general connections
and sections of Y [1].
Lemma 5.2.We have
Alt∇2s = −1
2
R[Γ ] ◦ s : M → V Y ⊗Y ∧2T ∗M. (5.4)
The above general Ricci identity for sections of Y can be extended for sections Φ : Y → V Y ⊗Y (⊗sT M ⊗ ⊗r T ∗M) and
we obtain general Ricci identity for vertical-valued tensor ﬁelds.
Theorem 5.3. The antisymmetrization of the second order general covariant derivative is a section Alt∇2Φ : Y → V Y ⊗Y (⊗sT M ⊗
⊗r T ∗M ⊗ ∧2T ∗M) given by
2Alt∇2Φ(α1, . . . , ξr, η, ζ ) = ∇2Φ(α1, . . . , ξr, η, ζ ) − ∇2Φ(α1, . . . , ξr, ζ,η)
= VΦ(α1, . . . , ξr, R[Γ ](η, ζ ))− V R[Γ ](η, ζ,Φ(α1, . . . , ξr))
−
s∑
k=1
Φ
(
α1, . . . , R[Λ](αk, η, ζ ), . . . ,αs, ξ1, . . . , ξr
)
+
r∑
j=1
Φ
(
α1, . . . ,αs, ξ1, . . . , R[Λ](ξ j, η, ζ ), . . . , ξr
)
for any 1-forms αk, k = 1, . . . , s, and vector ﬁelds ξ j , η, ζ , j = 1, . . . , r, on M.
Proof. Let us consider the second order general covariant derivatives of Φ . Then its formal coordinate expression on the
standard ﬁbers gives
J. Janyška / Differential Geometry and its Applications 29 (2011) S116–S124 S1232Φ iνλ;[μ;κ] = Φ iνλ;μ;κ − Φ iνλ;κ;μ = Φ iνλ,p Rpμκ − Riμκ,pΦ pνλ
−
s∑
k=1
Φ i
ν1...ρ...νs
λ Rρ
νk
μκ +
r∑
j=1
Φ i
ν
λ1...ρ...λr
Rλ j
ρ
μκ . (5.5)
It is easy to see that it transforms as (1.1) antisymmetric in μ,κ . 
Remark 5.4. Let us remark that the general Ricci identity differs from the Ricci identity for (general) linear connections
by the order of ﬁelds on the right-hand side, see Theorem 3.2 and [5]. Really, in the case of general linear connections,
we have the ﬁeld Φ and the curvature tensors R[Γ ] and R[Λ] on the right-hand side, i.e. the right-hand side depends
on the tensor ﬁeld Φ only and the antisymmetrization decreases the order by 2. In the case of general connections on
ﬁbered manifolds the right-hand side of the general Ricci identity is given by the vertical derivatives of Φ and R[Γ ], i.e. the
antisymmetrization decreases the order with respect to the ﬁeld Φ by 1.
We have proved that Alt∇2Φ is a section of V Y ⊗Y (⊗sT M ⊗ ⊗r+2T ∗M), i.e. it is a section of the (1,1)-order natural
vector bundle, even if on the right-hand side there are ﬁelds of order (1,2) (vertical derivatives of Φ and R[Γ ]). Formally
we can write
Alt∇2Φ = pol(Φ, VΦ, R[Γ ], V R[Γ ], R[Λ]),
where pol is a polynomial (zero order) operator on the indicated ﬁelds.
Now, if we consider higher order general covariant derivatives of the general Ricci identity, we obtain
Theorem 5.5.We have
∇r−2(Alt∇2Φ)= pol(∇(r−2)Φ, V (∇(r−2)Φ),∇(r−2)R[Γ ], V (∇(r−2)R[Γ ]),∇(r−2)R[Λ]). (5.6)
Proof. In the ﬁrst step we can prove
2∇(Alt∇2Φ)(α1, . . . , ξr, η, ζ, τ ) = ∇3Φ(α1, . . . , ξr, η, ζ, τ ) − ∇3Φ(α1, . . . , ξr, ζ,η, τ )
= V (∇Φ)(α1, . . . , ξr, τ , R[Γ ](η, ζ ))+ VΦ(α1, . . . , ξr,∇R[Γ ](ηζτ ))
− V (∇R[Γ ])(η, ζ, τ ,Φ(α1, . . . , ξr))− V R[Γ ](η, ζ,∇Φ(α1, . . . , ξr, τ ))
−
s∑
k=1
∇Φ(α1, . . . , R[Λ](αk, η, ζ ), . . . ,αs, ξ1 . . . , ξr, τ )
−
s∑
k=1
Φ
(
α1, . . . ,∇R[Λ](αk, η, ζ, τ ), . . . ,αs, ξ1, . . . , ξr
)
+
r∑
j=1
∇Φ(α1, . . . ,αs, ξ1, . . . , R[Λ](ξ j, η, ζ ), . . . , ξr, τ )
+
r∑
j=1
Φ
(
α1, . . . ,αs, ξ1, . . . ,∇R[Λ](ξ j, η, ζ, τ ), . . . , ξr
)
which can be obtained by the formal general covariant derivative of (5.5). Really
2Φ iνλ;[μ;ν];κ = Φ iνλ;κ,p Rpμν + Φ iνλ,p Rpμν;κ − Riμν;κ,pΦ pνλ − Riμν,pΦ pνλ;κ
−
s∑
k=1
Φ i
ν1...ρ...νs
λ;κ Rρ
νk
μν −
s∑
k=1
Φ i
ν1...ρ...νs
λ Rρ
νk
μν;κ
+
r∑
j=1
Φ i
ν
λ1...ρ...λr;κ Rλ j
ρ
μν +
r∑
j=1
Φ i
ν
λ1...ρ...λr
Rλ j
ρ
μν;κ . (5.7)
The formal general covariant derivative of (5.7) gives
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− Riμν;κ;ω,pΦ pνλ − Riμν;κ,pΦ pνλ;ω − Riμν;ω,pΦ pνλ;κ − Riμν,pΦ pνλ;κ;ω
−
s∑
k=1
Φ i
ν1...ρ...νs
λ;κ;ω Rρ
νk
μν −
s∑
k=1
Φ i
ν1...ρ...νs
λ;κ Rρ
νk
μν;ω
−
s∑
k=1
Φ i
ν1...ρ...νs
λ;ω Rρ
νk
μν;κ −
s∑
k=1
Φ i
ν1...ρ...νs
λ Rρ
νk
μν;κ;ω
+
r∑
j=1
Φ i
ν
λ1...ρ...λr;κ;ωRλ j
ρ
μν +
r∑
j=1
Φ i
ν
λ1...ρ...λr;κ Rλ j
ρ
μν;ω
+
r∑
j=1
Φ i
ν
λ1...ρ...λr;ωRλ j
ρ
μν;κ +
r∑
j=1
Φ i
ν
λ1...ρ...λr
Rλ j
ρ
μν;κ;ω
which is the coordinate form of (5.6) for r = 4. Proceeding in this way we get Theorem 5.5. 
We can use also vertical derivatives of the general Ricci identity.
Theorem 5.6.We have
V r−2
(
Alt∇2Φ)= pol(V (r−1)Φ, V (r−1)R[Γ ], R[Λ]). (5.8)
Proof. It can be proved by the formal vertical derivatives of (5.5). 
Remark 5.7. If we apply above Theorems 5.5 and 5.6 on the curvature tensor of Γ , we get
∇r−2(Alt∇2R[Γ ])= pol(∇(r−2)R[Γ ], V (∇(r−2)R[Γ ]),∇(r−2)R[Λ]), (5.9)
V r−2
(
Alt∇2R[Γ ])= pol(V (r−1)R[Γ ], R[Λ]). (5.10)
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